PITHAPUR RAJAH’S GOVERNMENT COLLEGE (AUTONOMOUS), KAKINADA

DEPARTMENT OF MATHEMATICS

Differential Equations

Syllabus:
UNIT -1 (12 Hours)

Differential Equations of first order and first degree: Linear Differential
Equations; Differential equations reducible to linear form (Bernoulli’s
Differential Equations); Exact differential equations; Integrating factors.

Definition:(Differential Equations of first order and first degree)

A differential equation is in the form ‘%dL = f(x,y) is called a differential
X

equation of the first order and of the first degree.

We study the following methods for solving ‘a’_ = f(x,y)
X

1. Variable separable. (Intermediate)

2.Homogeneneous differential equations. (Intermediate)

3. Non-Homogeneous differential equations. (Intermediate)
4. Linear differential equations.

5.Bernoullis Differential equations.

6. Exact Differential Equations.

7.Non- Exact Differential Equations.
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Linear differential equations:
A differential equation is in the form %IL+ Py =Q where P and Q are
X
functions of x ,is called Linear differential equation.

Working Rule to solve the equation:

1. First to reduce the given differential equation in the form &+ Py = Q
dx

and then identify P and Q.
2.To find the Integrating Factor (I.F) = e/ P dx
3. And then to find the general solution y(I.F) = [ Q(I.F)dx + c.
Problems:

1.Solve 4+ 2xy = e’
dx

Solution: Given differential equation &+ 2xy = ex
dx

LetP=2x & Q=e~

. ) Z(LZ) 2
The integrating factor (IL.F) = e/ Pdx = ef2xdx = ¢ "2~ = ex

IF=ex
The general solution is y(I.F) = [ Q(I. F)dx + c.
y(er)=[e*(e)dx+c= [ldx+c =x+c
2
Lyex =x+c

2.Solve xlogx d_y+y = 2logx

dx

Solution: Given differential equation x log x dus y = 2logx
dx
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It can be reduced to & + y=_
dx xlogx x

LetP= 1 & Q=2
X

x log x
. ) [ Pax i L dx log(log x)
The integrating factor (LF)=e =g xlogx = ¢ = logx
[F=logx

The general solutionis y(I.F) = [ Q. F)dx. letlogx =t = _ 4y = dt
2 2
ylogx =f ; (logx)dx= thdt= 2( %)—}—C =t +¢c= (lOgX)Z +c

- The general solution ylogx = (logx)? + ¢

3.Solve x & + 2y = x2logx
dx

Solution: Given differential equation x® 4 2y = x2logx
dx

It can be reduced to & + > y = xlogx
dx x

LetP=i & Q= xlogx

The integrating factor (I.F) = e/ P dx = els 9 = g2logx — glogx’ — 2
[F=x2
The general solution is y(I. F) = [ Q(I. F)dx + c.
yx2 = [ xlogx (x2)dx = [x3logx dx +c
= [logx (x3)dx +c

4 4
=(logx)* - 2 ydx+c
4 X 4

4
=" (logx) - ifx3dx+c
4 4

4
+c

X

4
yx¢ =2 (logx)—
4

[N IS

4
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4 x4

X
:T(Zogx)— 1—6+c

. 4 4
- The general solution yx? = * (logx)— _+¢
4 16

Solve (2 4+ 1) Y +4xy = !
dx x2+1

Solution: Given differential equation ( x2 + 1) d_y+ 4xy = !
dx x2+1

It can be reduced to ¢¥ + i y = '

dx  (x%2+1) (x2+1)2

LetP=_% & Q= L
(x%2+1) (x2+1)2

4x 2x
f( x2+1)dx —e 2 f( x2+1)dx

The integrating factor (LF) =e/Pdx = ¢
= p2log(x*+1) — glog(x*+1)?
IF= (x2+ 1)2

The general solution is y(I. F) = [ Q(I. F)dx + c.

1

y(x2+1)2 = (x*+1)° (x2+1)2dx+c=f1dt+c =x+c

= The general solution y(x2 + 1)2 =x+¢

5.Solve(x+1)d_y—xy= 1—x
dx

Solution: Given differential equation ( x + 1) D _ xy=1-—x

dx
1_
It canbe reduced tody — _*  y=_""
dx (1+x) 14+x
LetP= — and Q= 1=
(1+x) 1+x

x 1+x-1
. . Y Y
The integrating factor (LF) = e/Pdx = ¢ ot — e s

1= 1
—e )l T®

= g~ [x—log(1+x)]

= g~ [ x=log(1+x)]
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=X elog(1+x) — (1 + x) ex
[F= 1+ x)e>
The general solution is y(I. F) = [ Q(I. F)dx + c.

Y1+ x)e* = [ (14 x)e* [ “Jdx+c= [(1—x)e=dt+c

1+4+x

=1 -x)(—e™ - [(-D)(—e™dx +c
=—(1-x)e*—[exdx +c

y(1+4+ x)e* =—(1—-—x)e*+e*+c=xe*+c

= The general solution y(1 + x)e* =xe>*+¢

1
dy _ ox p1glogx
6.Solve x—+ylogx =ex x12

1
. . . . . d !
Solution: Given differential equation x % + ylog x = e* x17zlo8x

1

1
1-5logx — “logx
It can be reduced to 4v- 4 4 109% _ efx "2 %% g
dx y x x X 2

1
LetP= lax & Q= ¢e* x T 2lo8x
X

logx dx
The integrating factor (LF)=e/Pdx =ef =«
(logx)?
= e 2
log x logx 1 log x
= elogXT:[eng] 2 —x3z ¢
1
~ logx

[F=x 2

The general solution is y(I. F) = [ Q(I. F)dx + c.

1 1
“logx — “logx ~logx
yXx 2 =[e x 2 (x 2 " )dx+ c

= [exdx +c= e +c

1
The general solution yx , 8 — x4,
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2
7. Solve x? j—i +(x—=2)y=x% ¢ «

2
Solution: Given differential equation x2 2 + (x — 2)y = x? ¢~

dy 1 2
It can be reduced to —+ —
dx

Z(x—2)y=¢e *

x—2 1 2

_2
LetP=7:;—x—2 & Qze;
[Pdx f[l—L]dx logx+Z
The integrating factor (I.F) =e =e x X =e x
2 2
= elsxex =xe x
2
[IF=xe x
The general solution is y(I. F) = [ Q(I. F)dx + c.
2 Ca— X2
yxer=[xexe rdx+tc= [xdt+c=F+c
) 2 g2
= The general solutiony xe . = —+¢

2
8.. Solve (1 + x2) ¥ + 2xy = 4 2
dx

Solution: Given differential equation ( 1 + x?2) Yy 2xy = 4 x?
dx

2
It can be reduced to & + __

_ 4x?

dx  (1+x2) y= 1+ x2

2

LetP= 2 & 4x

(14 x2) 1+ x2
. . I ;X dx 1 1 2 2
The integrating factor (ILF) = e/ Pdx = ¢  (**D" = glog(1+x) = 1 4 x

[F=1+x?

The general solution is y(I. F) = [ Q(I. F)dx + c.

y(1+ x2)=J'(1+ x2)

2 3
[ Jdx+c= [4xtdt+c =" +¢
1+ x2

3
. 3
- The general solution y( 1 + x2) = " re
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d
9.Solve cos2x 2 + y = tanx
dx

: . : : . d
Solution: Given differential equation cos2x =+ y = tanx
dx

d
Tanx =" 4 sec2x y =tanx sec2x
cos2x dx

1
It can be reduced to & +
dx cos?x

y =
LetP= sec?x & Q= tanx sec?x
The integrating factor (LF) = e/ P dx = efsec’™® dx = gTanx
[F= elanx
The general solution is y(I. F) = [ Q(I. F)dx + c.
yeTanx = [ tanx sec?x eTanxdx + ¢
Let tanx =t = sec?xdx =dt
yeTanx = [tet dt +c= et(t—1) +c
- The general solution yeTanx = eTanx(tanx — 1) + ¢

10. Solve (x + 2y3) 2. = y.
dx

Solution: To convert the differential equation in the form 4+ P x = Q

dy
Given that (x + 2y3)dl= y = yd_x= x + 2y3
dx dy
= yd_x— x = 2y3
dy
S>& o 2y?
dy vy
-1
Let P = o and Q = 2y?
. : J=tay 1 1 IR =1
The integrating factor (LF) =e/ P& = ¢’ v ™ =¢~l08Y = p ~1F s

The general solution x(I.F) = [ Q(I. F)dy + ¢

1 1 2y2
x(_)=f2y2()dy+c=f2yaly+c=yT +c=y2+c
y y

Hence the general solution * = y2 +¢

< IR
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11.Solve (1 + y2)dx = (tan-1y — x)dy.

Solution: To convert the differential equation in the form 4x+ P x = Q

dy
Given that (1 + y2)dx = (tan~ly — x)dy
d
=>1+y)Z - (tan-ly —x)
dy
= (1 +y2)di+x =tan"ly = “y tox= n "y
dy dy 1+y? 1+y?
-1
Let P = 1 andQ:tan y
1+y?2 1+y2
. . f# dy -1 -1
The integrating factor (LF) = e/ Pdy = g 1+y2 ™~ = etan "y ~IF= etan 'y

The general solution x(I. F) = [ Q(I.F)dy + ¢

— -1 —
x( etan V) = J-taln+ Zy (el 'Y )dy + ¢ --mmv )
y

Lettan-ly =t =

dy =dt

1+y2
(1) Can be written as x( etan_ly) = [tetdt +c = el(t—1)+c
Hence general solution is x( etn 7) = etan Y(tan-1y — 1) + ¢
Bernoulli’s Differential equations:

A differential equation is in the form i}i + P y = Qy™ where P and Q are functions
X

of x ,is called Bernoulli’s differential equation.
Working Rule to solve the equation:

I.First to divide the DE with ymon both sides ~ 2 + P yi=n = Q «e- ()
y" dx
2 Put y1-" = z and then (1 — n)y—nfl 4 tay 1 d

dx  dx Y odx  1-n dx
3.Substitute the values in (*)

1 dz

1—n a + Pz = Q is a linear dif ferential equation and then solve.
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Problems:

l. Solve & 4 7 = x2y6
dx x

Solution: The given differential equation & 4+ ¥ = x2y6
dx x

Divide the DE with yon both sides Lay =

Y o =x2TTT (D)
y6 dx x
Put y=> = z and then —5y—5-1 d_y= di ldy 1 dz
dx  dx y6 dx =5 dx
(1) Canbe writtenas =1 &z + 7 _ ,2 , 4z _ 52 — _5y2
5 dx «x dx x
LetPi= =2 and Qi = —5x2
The integrating factor (I.F) = ef P1 &
-5 1
:efxdx:e—Sf  dx
—5log x log x~> -5 1 IF = !
=e X = pl08 =x =5 =
The general solution: z(I.F) = [ Q1(I. F)dx + ¢
1
— 1 —_— T — 2
y5; | 5x (x_s)dx+c
—3+1
1 =5 x3dx+c=-5["_J+c
x5 y5 —3+1
The general solution 1 — > | .

x5 5 252

2. Solve & + ¥ = y2x sinx
dx x

Solution: The given differential equation & + 7 = y2x sin x
dx x

Divide the DE with y?on both sides __ dv , ¥

= x sin x -------- (1)
y2 dx X
-1 1194y _ dz 1d d
Put y=1 =zandthen (—=1) y =_ 1dy__ _ dz
dx dx y2 dx dx
. d z . dz z .
(1) Can be writtenas -4 + _ = xsinx = _—_ = —xsinx
dx x dx x
-1 :
LetP1 = . and Q1 = —xsinx
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The integrating factor (L.F) = e/ P14

_

— g—logx — glogx™t —,—1 _ 1 IF= _
X X

The general solution: z(I.F) = [ Q1(I. F)dx + ¢

y-1 1= [ —xsinx Q) dx + ¢
X X

1 :
e = —[sinxdx+c=cosx+c¢

Hence the GSis -1 = cosx + ¢
xy

3. Solve x ¥ + y =y?logx
dx

Solution: The given differential equation x Yy y = y?logx
dx

.. . . 1 -
Divide the DE with xyZon both sides __ dv , ¥ _logx ______ (1)

y2 dx x x

Put y-! = zand then (—1) y-1-1% = “ 1 dy dz

y'=zandthen (1) y~'""1_=_  1d_ _d&

dx  dx y2 dx dx

(1) Can be written as - 4z + Z _logx _, dz_z _ _ logx
dx x x dx x x
-1 __logx

LetP1 = — and Q1 =
The integrating factor (I.F) = eJ P1 9%

-1
:eJ7d" = e~ logx — elogx_1 =x1=_ IF =

The general solution: z(I.F) = [ Q1(I.F)dx + ¢

y~1 1 =f—loﬁ(1_)dx+c= —filogx dx + ¢
x x x x2
1= —[logx {—2}—fL{=1}dx] +c
xy x x x
1 1 1 1 1
E =7 log x —fx—zdx+c =7 logx + 3?+c
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Hence the GS is L = i[ logx + 1] +¢

xy x

3
4. solve 3d_y+ 2y =X

dx 1+x y_z
2
Solution: Multiply the given dif ferential equation with ”_

2dy + 2y3 D A —

dx  3(1+x) 3

d dz d 1 dz
Put y3 =zandthen 3y22 =% =422 =_%
dx dx dx 3 dx

. 2 3 d 2
(1) Canbe writtenas 1 dz 4 _ =~ =" o &4 “
3 dx 3(1+4x) 3 dx (1+x)

= x3

2
—_ — — 3
Let P1 e and Q1 =x

The integrating factor (I.F) = ef P1 &

= efH_Zx dx — Zlog(1+x) = glog(1+x) *= (1 4 x)2
IF=(1+x)?

The general solution: z(I.F) = [ Q1(I. F)dx + c
Y31 +x)? =[ x831+x)%dx+c

= [x3(1 + 2x + x?) dx

4
=[ [x3+2x4+x5]dx=% + % +%+c

4
x6

Hence the GSis  y3 (1 + x)? = i
6

5
+2L5 +—= +c

X
4

5.Solve (1 — x?) an Xy = xy?
dx
Solution: The given differential equation is (1 — x2) Y4 Xy = xy?
dx

Dividing with (1 — x2)y?2 on both sides

2
1 dy xy xy

y2 dx = (1-x®)y?  (1-x2)y?

1d
- 1 dy x x

y2 dx + 1-x2)y  (1-x2)
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1d dz
Put 1=zandthen —_ 2 =% _ 1dy_ _dz
y y2dx  dx y2 dx dx
. Xz
Can be written as - % + —_* dz _ _xz _ _—x
dx  (1-x2) (1-x?) dx  (1—-x2) (1—x2)

—X

x _ —_——
LetPi= ———— and Q1 = -

(1-x%)
The integrating factor (I.F) = e/ P14
- 5 ax T =2 dx

—e a5 =2 (1D

1 ) 5 1 — 2
= g2 108017%) _ plog(1=xAV2 _ 75 T p_ 1 2

The general solution: z(I.F) = [ Q1(I.F)dx + ¢

1 — _
—\/1—x2: _* 22
) f(l—xz)\h x2dx + ¢

1 —2x
=—f  _— _dx+c
21— x2

1
=—22\/1—x2+c

The general solution ! VT =2 = VT =%+ ¢
y

6.solve (x + 1)d_y+ 1 =exV
dx

Solution: The given differential equation is ( x + 1)2} +1=e¥y =eXe”
dx

Dividing with (x + 1)e=> on both sides

d ey ex
ey _y+ - =
dx x+1 x+1
d dz
Put e¥ = zand then ev > =2
dx dx
. Z
Can be writtenas 4z 4+ = _ €

dx x+1 x+1

X

- 1 —
LetP1 = I and Q1 e

1
The integrating factor (LF) = e/P1 dx =l ™ =elosCtD = x 4 1
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IF=x+1
The general solution: z(I.F) = [ Q1(I.F)dx + ¢

ex
x+1

ev(x+1) =/ (x+1Ddx+c=[(x+ Ddx

2
=" +x+c
2

2
~. The general solution ev(x+1) =" +x+¢
2

7. Solve ™ + (2xtan~ly —x3)(1+y2) =0
dx

Solution: The given differential equation ist + (2xtan~ly —x3)(14+y2) =0
X

Dividing with 1 + y? on both sides
1 dr 4 (2xtan-ly —x3) =0

1+y2 dx

1 dv42xtan-ly = x3

1+y2 dx

Put tan-ly = zandthen _1 4y _ dz
1+y2 dx  dx

Can be written as 424+ 2xz = x3
dx

LetP1= 2x and Q1 =x3
The integrating factor (LF) = e/P1 9% = gf2x dx = ex’ IF = ex
The general solution: z(I.F) = [ Q1(I. F)dx + c

tan—1 y (exz) = fx3(ex2)dx +c

e'tan1y = [x2 (e¥)xdx + ¢

let x2 =t = 2xdx = dt = xdx = idt
2

exztan—1y=ft (et)é dt +c =%et(t—1) +c

- 1 2
- The general solution e*’tan”' ¥ = ~e (x2-1)+c
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dy
8. Solve Z_ (42 43 —
o Py tay) =1

Solution: Given that & (y2 43 -
olution: Given adx(xy+xy) 1

dx
X =x2y3+xy = _—xy=x2y3
dy dy

dividing with x? on both sides

Lax 1y = g3 (1)

2dy x

Let 1=z= __ dr_ds
x x2 dy dy

Equation (1) can be written as L y = y3= d_Z+ zy = —y3
dy dy

LetPi=y and Q1 =—y3
The integrating factor (ILF) =e/P1%* = ey dy = ev’/2
IF = e'/?

The general solution: z(I.F) = [ Q1(I.F)dy + ¢

1(er1?) = [ —y3(er'/?)dy + ¢
X
1(er1?) = — [y2(er’/?)ydy + c

let y2/2 =t = ydy = dt

1(ev'/?) = — [2t(e)dt + ¢ =-2et(t — 1) + ¢
X

2
- The general solution _! (ev/2) = —2ev"/2 (_— 1) + ¢
2

X

9. solve © + “logy = 2 (logy)?
xZ

dx x

Solution: Giventhat 4 + Ylogy =  (logy)?
XZ

dx x

dividing with y(logy)? on both sides

that __ 1 _dv, v logy=__" _ (logy)?
y(logy)2dx = xy(log y)? x2y(log y)?
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1 dy 11
y(logy)?dx ~ xlogy  x?

-1

Let 1 =z=> d_y = d—Z
logy y(log y)? dx dx
. . dz | z dz z 1
Equation (1) can be writtenas — __ +_=_ = ~ —_ = — "
dx x x2 dx x x2

1 1
Let Py =_; and Q1 = T =

x2

1
The integrating factor (LF)=e/P19¥ =g/ —  dy = g—logx = !

X

The general solution: z(I.F) = [ Q1(I.F)dx + ¢

L O=/-_Odx+c

logy x x
1 1
1L =—f_dx+c=__+c
xlogy x3 2x2
Hence the general solution 1 — 1 .
xlogy  2x?
10. solve & = ex—y[ex — eY]
X
Solution: The given differential equation is
2x
Y=t —e] =D =tV e P per = T
dx dx dx ey

multiply with eY on both sides

d
ey Y 4 eVer = e
dx

d d
Put e¥ = zand then ev > =%

dx dx

Can be written as 22 + zex = e2¢
dx

LetP1 =ex and Q1 = e
The integrating factor (I.F) = ef P1 &

X

:ef exdx:eex IF = ee
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The general solution: z(I.F) = [ Q1(I. F)dx + ¢

evee' = [e2e’ dx +c = [exexe¢ dx + ¢ (Let ex=t = exdx = dt)

= [tetdx+c=et(t—1)+c

~. The general solution evec” = e (ex — 1) + ¢

Exact and Non-Exact Differential Equations:

Definition:

A differential equation M (x, y)dx + N(x,y)dy = 0 is said to be exact if there exist a
function u(x, y) such that M(x, y)dx + N(x, y)dy = u(x, y)

In other words, 3 = __and the general solution can be determined by
ay ox

[ M(x, y)dx(y treated as constent) + [ N(x,y)dy(Remove x — term) = ¢

Problems:

1.Solve (x + 2y —3)dy— (2x—y+1)dx =0
Solution:Thegivendif ferentialequationcanbewrittenas

2x—y+1dx—(x+2y—3)dy=0

Let M= 2x—y+1 and N= —(x+2y—3)
Now M = —1 and on

—=-1
ay ox

aM  aN .
~ __ = __and is Exact
ay 0x

The general solution is

[ M(x, y)dx(ytreatedasconstent) + [ N(x, y)dy(Removex — term) = ¢

J(2x — y + Ddx(ytreatedasconstent) — [(2y — 3)dy(Removex — term) = ¢

x2 yZ
= 2_-xy+x —2__+3y=c
2 2

= The general solution x2—yz—-xy+x=c¢
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2.Solve(4x +3y+ Ddx+ 3x+ 2y +1)dy =0

Solution:Thegivendif ferentialequation (4x + 3y + 1)dx + (3x+2y + 1)dy =0

Let M=(“4x+3y+1) and N= (3x+2y+1)

N aM  ON )
Nowd¥ = 3 agnd_= 3 ~__= __ andis Exact

ay ox ay ox
The general solution is
[ M(x,y)dx(y — treated as constent) + [ N(x,y)dy(Remove x term) = c
=>[(4x+3y+Ddx+ [2y+1Ddy=c

x2 yZ
:>47+3xy+x+27+y=c

=The general solution 2x2 + y2 + 3xy+ x+y = ¢

d x2—4xy—2y?
3. Solve 2 = 24w 27"
dx 2x4+4xy—y

Solution: Thegivendif ferentialequationcanbewrittenas
(2x2 + 4xy — y2)dy = (x%2 — 4xy — 2y?)dx
That is (x2 — 4xy — 2y2)dx — (2x% + 4xy — y?)dy = 0

Let M = x2—4xy—2y> and N = —(2x2+ 4xy — y?)
N

Now M = —4x —4y and_ = —4x —4y
ay ox
M = MExactdifferential equation.
ay ox

The general solution is
[ M(x,y)dx(y treated as constent) + [ N(x, y)dy(Remove x term) = c

=[(x2 — 4xy — 2y9)dx + [ —(—y)dy = ¢
3 2 3
> -4 y_2xy24+ Y =¢
3 2 3

3 3
> T —2x2y—2xy24+ Y =¢
3 3

= The general solution x3 — 6x2y —6xy2+ y3 =c¢
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4. Solve: (1 + e*/¥)dx + (1 — X)ex/vdy =0
y

Solution:Thegivendif ferentialequation (1 + ex/¥)dx + (1 — X )ex/vdy = 0
y

Let M= (14 e/¥) and N= (1— 2)exy

y
oM X x X x
Now $= 0+ eY(—?)= ey(_y—z) and
N _ -1 joly__1 % X x
= —e+(1-He(=)=m-er[1-1+ =& (-5
ax y ( y oy y [ y] 2
aM _ aN
= __ andexact
ay 0x

The general solution is

[ M(x,y)dx(y treated as constent) + [ N(x,y)dy(Removex term) = c

=>[(1+ e)dx+ 0=c

x

s>x+5-=c = The general solution x + yer = ¢
y

5.solve (e¥ + 1) cosx dx + e?sinx dy = 0
Solution: The given differential equation
(e +1)cosxdx+evsinxdy =0
Let M= (e¥+ 1)Cosx and N = eYsinx

N aM N
Now M =evCosx and __= ey Cosx ~ __= __ and exact

ay ox ay Ox

The general solution is

[ M(x,y)dx(y treated as constent) + | N(x,y)dy(Removex term) = c

f(ev +1)Cosxdx =c

The general solution (e¥ + 1)sinx =c

dy ax+hy+g

6. solve= +—— =0
dx hx+by+f

Solution: The given differential equation can be written as
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(hx +by+f)dy+ (ax+hy + g)dx =0
Thatis (ax +hy + g)dx+ (hx + by + f)dy =0

Let M=ax+hy+gand N= hx+by+f

N oM  ON
Now ™ = hand _= h :

& _ = _ and exact
oy ox oy ox
The general solution is

[ M(x,y)dx(y treated as constent) + [ N(x,y)dy(Removex term) = c

flax +hy + g)dx + [(by + f)dy = ¢

X2 y2
a7+hxy+gx+b7+fy=c

The general solution ax? + 2hxy + by? + 2gx + 2fy = 2c

Non — exact dif ferential equations:

A differential equation M(x,y)dx + N(x,y)dy = 0 is said to be non-exact if 39 = o

ay ox
They are four types of non-exact differential equations

Type-l Reduce into exact using the Integrating factors.

The following formulae are use to solve such non-exact differential equations.

1. 2xdx + 2ydy = d [x% + y?] 2.xdy + ydx =d(xy)
ydx—xdy

3_),_2_=d[f] 4. ;2 =d[2]
y x
_ xdy+ydx =d[i] 6.2y = (d[log L ]
x2y2 xy ' xy y

dv—vd _ ydx—xdy
7. xy;ix —d[logljc ] 8 W=d[tan_1x/3’]
9. MY —q[tan-ly/x]  102£27Y = g[ 7

x2+y2 y? y

1, v — g
X

Problems:
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1. Solve xdy — ydx = xy2dx

Solution: The given differential equation can be written as

dy—yd —(ydx—xd
XYY _ o dx = ZQEXD) gy
y
X.
=>—d[] =xdx
y

> —[d[]= [xdxt+c
y
2 2

=X = " +¢ = The general solution "+ 4c=0
y 2 y 2

2.Solve (1 + xy)xdy + (1 — xy)ydx =0
Solution: The given differential equation can be written as
xdy + x2y dy + ydx — xy?dx =0
=>xdy+ydx+ xy(xdy —ydx) =0

Dividing withx2y2 on both sides

xdy + ydx | xy(xdy — ydx)
+ =0
x2y?2 x2y2

xdy + ydx I (xdy — ydx) =0
x2y2 xy

1
=d[ x—y] +d [log ﬁ] = 0 Integrating on both sides

Sfd[ L] + [d[log)] =c
xy x
= The general solution L + log Y =c
xy X

3.Solve xdx + ydy X —

X2+ y?

Solution: Given that xdx + ydy $ X
x2+ y2

= [xdx + [ydy + [Z27% =¢
x?2+y?
= [xdx+ [ydy + [d[tan-1y/x] =c
2 2

The general solution *_ + ”_ + tan-! y/x =c
2 2
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4.Solve ydx — xdy + logx dx = 0.
Solution: Given that ydx —xdy +logxdx =0
Dividing with x2 on both sides

ydx—xdy +logx d
2

2 X=cC
—( xdy—ydx log x
= [FEPE 4 [ dx=c

=>—fd({)+flogx1_2dx=c
X

X

1 1, 1
==L+ [logx (—- )= [- (== )ydx] = ¢
X X X X
y 1 1
= —-+[-clogx + [ dx]=c
1 1
:—Z—llogx — - = ¢ =The general solution Lyllogx +- =¢
X X X X X X

5. Solve xdy = [y + xcos? (i—/)] d x
Solution: The given differential equation can be written as

xdy — ydx = xcos? (%) dx

xdy—ydx

= Tcosz v = x dx

X

= SeCZy [xdy—ydx] _ x dx
x x2 x2
1

= [sec2?d()) = [_dx
x x x

= The general solution tan Y = logx + ¢
X

6.Solve (x2 + y2 + x)dx — (2x2+ 2y2 —y)dy =0
Solution: The given differential equation can be written as
(x2+ y?)dx + xdx — 2(x2+ y2) + ydy =0

= [dx — 2dy] + xdx + ydy = 0
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. 2(xdx+ydy) _
= dx — 2dy + oD

1 , 2xdx+2ydy
> Jdx =2 dy 5 ) T

1 2 2
= The general solution x — 2y + ;108 X +y ) =cC

Type-2 Homogeneous non-exact Differential equation

A non-exact differential equation is in the form M(x,y)dx + N(x,y)dy =0 where

M(x,y), N(x,y) are homogeneous equations the to solve this equation when we reduce into

exact using an Integrating Factor 1 e where Mx + Ny # 0.

Problems:
1. Solve x2y dx — (x3 4+ y3)dy =0

Solution: In the given differential equation x2y dx — (x3 + y3)dy =0

Let M = x%y N=—(x3+ y3)
W _ 2 W _ 32 o M N pot exact
a9y ox 9y  ox

And is homogeneous the integrating factor= —1 1

Mx+Ny vt

(AsMx + Ny = (x*y)x — (¥ + y3 )y = X3y — X3y — y* = —y*)
Multiply the integrating factor with the given DE

_X_Zde+ﬂdy=0 :>—)idx+[i+i]dy=0
y4

y4 ¥3 y
%3 1
LetM=— N= __+_
y3 vty
_ 3 2 2
W= -—x[-_1=2 W _3x, 9=
y y4 y4 ax y y4
aMzaN exact
ay 0x

2
The general solution [~ * dx+ [ " dy =c
y y
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—1 x3
»_ _+logy=c
y3 3

. 3
= The general solution —* _+logy =c
3y

2. Solve y2dx — (x2— y2—xy)dy =0
Solution: In the given differential equation y2 dx + (x2 — y2 — xy)dy = 0

Let M = y2 N=(x2— y2—xy)

N M _, aN
M = 2y __=2x-Yy s __# __ not exact
ay 9x dy  ox
And is homogeneous the integrating factor= —1 !

Mx+Ny N y(x2— y%)
(AsMx + Ny = (y)x + (x2— y2 —xy)y
=xy?+ xfy — yP —ay? = xy — y)
= y(x* = y?)

Multiply the integrating factor with the given DE

2 XZ— Z—X
;/ 2 zy 2y dy =0
y(x=y%) y(x— y?)
LetM = y N = x%— yz—xy _ x%— y2 _ xy _ 1 x
(2= y?) y(x?=y?) yx?=yH)  yi-yH oy x-y?
M _ (- yH-y(0-2y) _  (¥*+y?) W _ g (Foyhxxm0) . @PHyY)
oy o=y (=2 ox (2= 722 (2= 722
aM N
= __ exact
ay 0x

The general solution | ¥ dx + [Lay=c
(x“=¥9) y

y[ L log*™ ]+ logy=c = The general solution ! log*™ + logy = ¢
2y x+y 2 x+y

3.Solve (x2y — 2xy2)dx — (x3 — 3x2y)dy = 0

Solution: In the given differential equation
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Let M = x2y — 2xy? N =—(x3 — 3x2y)

aN M , aN
M = x2 — 4xy _ = —(3x2 - 6xy) s __# __ not exact
ay Ox dy  ox
And is homogeneous the integrating factor= —1 =

Mx+Ny x2y?
2
(As Mx + Ny = (x%y — 2xyDx — (2 — 3x%)y = 23y — 2x"y2— 23y +3x%y = x%?)
Multiply the integrating factor with the given DE

x2y—2xy? dx — (x3-3x2y dy =0

x2y2 x2y2
1 2 x 3
———]dx-[ 5——-]dy =0
[5=5)dx- 1575 1dy
LetM=1-2 N= -4}
y x y: oy
wm_ _1-0=-_  w=-'_0=-_
ay yZ yZ Ox y2 yZ
M _ 8N exact
ay ox
: 1 2 -3
The general solution [ _—Z2] dx -[ “dy=¢
y x y

= The general solution * — 2logx + 3logy = ¢
y

Type-3 Non — exact yf(x,y)dx + xf(x,y)dy = 0 form
A non-exact differential equation is in the form M(x, y)dx + N(x,y)dy = 0 or

yf(x,y)dx + xf(x,y)dy = 0 the to solve this equation when we reduce into exact using an

Integrating Factor L_ where Mx — Ny # 0.
Mx—N

X—Ny

Problems: 1.Solve y(1 + xy)dx + x(1 —xy)dy =0

Solution: Inthe given dif ferential equation
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M=yl +xy) =y + xy? N=x(1—-xy) =x—x2y

d 9 a
M =1+ 2xy N=1- 2xy a M O ot exact.

ay ox ay ox

1 1

The integrating factor = =—
Mx—Ny  2x%?

(since Mx — Ny = (y + xy?)x — (x — x2y)y = xy + x2y2 — xy + x2y2 = 2 x2y2 # 0)
Multiply the integrating factor with the given DE

LRV g+ 25 dy = 0

2 x2y2 2 x2y2

[

1 1 _
+;]dx+[;y—2—g]dy—0

2yx2
LetM + = N =
2yx2 - 2x 2xy? 2y
wm_ __1 ov___1 . M_3 exact
oy 2y2x? ox 2y2x2 ay ox
The general solution [+ 1 gy + (- — L gv=1¢
J 2yx2  2x + J 2xy? 2y y

= The general solution —1 + ilogx - ilogy =c
2xy 2 2

2. Solve y(xy + 2x2y2)dx + x(xy — x2y2)dy = 0

Solution: In the given dif ferential equation

M =y(xy + 2x2y2) = xy? + 2x2y3 N =x(xy — x2y2) = x2y — x3y?2
M =2xy + 6 x2y? a_N = 2xy — 3x%y? a_M * a_N not exact.
a9y ox ay ox

1

The integrating factor = =—
Mx—Ny  3x3y3

( since Mx — Ny = (xy? + 2x2y3)x — (x2y — x3y2)y
= x2y? + 2x3y3 — x2y2 + x3y3 = 3x3y3 * 0)

Multiply the integrating factor with the given DE

xyz+2x2y3 dx + xzy—x3y2 d
3.X3y3 3x3y3

y=20

1 2 1 _
(57 + o) dx+{ 7 5, 1y =0
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=—t—+—= =
LetM 3x2y 3x 3xy? 3y

oMy 1 N _ 1 . OM _ 8N  axact

ay 3y2x2 ox 3y2x2 ay ox

The general solution | 3;2}/ + % dx+ | : 12 -3 dy=c
xy

= The general solution =L + “logx —logy =c¢
3xy 3 3

3..Solve x(1 + xy)dy + y(1 —xy)dx =0

Solution: The given DE can be written as y(1 — xy)dx + x(1 + xy)dy = 0

In the given dif ferential equation

M= y(1-xy) =y — xy? N==x(1+xy) =x + yx2

N oM _ aN
M =1 —2xy —=1+2xy S __# __ not exact.
ay ox ay ox
_ -1
Mx—Ny 2 x2y?

The integrating factor =
(since Mx — Ny = (y — xy2)x — (x + x2y)y = xy — x2y2 — xy — x2y2 = — 2 x2y2 # 0)
Multiply the integrating factor with the given DE

2 2
y—xy x+xy —
22 dx + oy dy =20

1 _ 1 + [_1 A qv =
[ Jdx+ [ +5,1dy=0

2yx2  2x 2xy?
LetM=_1_ _ 1 N=_1 + 1
2yx2 2x 2xy? 2y
ay 2y2x2 0x 2y2x2 ay 0x
: -1 1 1 1
The general solution [ —-= dx + J +—dy=c
2yx2 2x 2xy2 2y

= The general solution ~1 — Y logx + llogy = ¢
2xy 2 2

Type-4 Non — exact Mdx + Ndy = 0 form

A non-exact differential equation is in the form M(x, y)dx + N(x,y)dy =0 or
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M(x,y)dx + N(x,y)(least function copare to M)dy = 0 the to solve this equation when

we reduce into exact using an Integrating Factor e/ f(®dx where

1 ou o
f(x)—N[a ox

Problems: 1. Solve 2xydy — (x2 + y2 + 1)dx = 0
Solution: The given differential equation an be written as

(x2+y2+1)dx — 2xydy =0

LetM=x2+y2+1 N = —2xy
M =2y ﬂz—Zy = M 5 O onexact DE
ay ox ay dx
Clearly N is a least function = f(x) = - [ _N __1 [2y+2y]= S )
N ay ox —2xy —2xy x
2 —
Integrating factor, I F = e/ f(¥)dx —ef T3 = g2logx = glogx~? %
IF=_1_
x2
Multiply the IF with the given DE we get
2 2
[ T jdx = 2V dy=0
2 2
2
[1+7 + 1 Jdx—Zdy=0
x2 x2 x
LetM = 1+7°4+ % N ==
1 2 x2 1 x
M _ 042 40=2 Mo 2y=1y=2  .8Mi_ i exactDE
oy x2 x2 ox x2 x2 oy ox
2
The general solution is [ 1+ a: i] dx+0=c
xz2  x2
2 .
>x-2 -1 =¢ = The general solution x? —y?> — 1 = cx

X X

Problems: 2. Solve (x2 + y2 + 2x)dx + 2ydy = 0
Solution: The given differential equationis  (x2 + y2 + 2x)dx + 2ydy = 0

Let M =x2 4+ y2 + 2x N= 2y
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M = 2y ﬂzO :ﬂiﬂnonexactDE
ay ox ay ox
Clearly N is a least function = f(x) = - [M_W _1[2y-0]=1
N ay ox 2y

Integrating factor, I F = e/ f@dx = gf1dx = ex
[F=e*
Multiply the IF with the given DE we get

eX(x? + y2 + 2x)dx + 2ye*dy = 0

Let M1 = eX(x2 + y2 + 2x) N1 = 2yex
oMy _ ex(2y) = 2yex W _ 2yex Lo _ exact DE
ay ox ay ox

The general solution is [ ex(x2 + y2 + 2x)dx + 0 = c using Integration by parts
eX(x2 + y2 + 2x) —e*(2x + 2) + ex(2) = ¢
eX(x2+y2+2x—2x—2+2)=c
= The general solution ex(x? +y?) = ¢
Problems: 3. Solve (1 +y + x2y)dx + (x + x3)dy = 0

Solution: The given differential equationis (1 + y + x2y)dx + (x + x3)dy = 0

LetM=1+y+ x%y N=x+x3
M =1 + x2 ﬂ=1+3x2 :a_Mia_NnonexactDE
ay ox ay 0x
Clearly N is a least function . f(x) = i [ L a_N] —_ 1 [1+4+x2—1-3x2]
N~ 3y o x+x3

—2x2 —2x

Tx(1+ ) (At

—2x

Integrating factor, [ F = e/ f(dx = ¢ T = g-logiead)

I[F=_1
1+x2

Multiply the IF with the given DE we get
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AR PPt dy=0=(_" +y)dx+xdy=0

1+x2 1+x2 14x2
— 1 —
LetM1—1+7+y N1 = x
oM oN oM oN
oL =1 == exactDE
oy ox ay ox
The general solutionis | w2ty dx + 0 = c using Integration by parts

= The general solution tan-1x+ xy =c¢
Type-5 Non — exact Mdx + Ndy = 0 form
A non-exact differential equation is in the form M(x, y)dx + N(x,y)dy = 0 or

M(x,y)(least function copare to N)dx + N(x,y)dy = 0 the to solve this equation when

we reduce into exact using an Integrating Factor e/ 9099y where

1 9N oM
00 = 1575,
Problems:
1.Solve (xy3 + y)dx + 2(x2y?2 + x + yHdy = 0
Solution: The given differential equation is (xy3 + y)dx + 2(x2y2 + x + yH)dy = 0

Let M= xy3 +y N =2(x2y2 + x + y*%)

M =1 + 3xy? o — 22xy2+1) = 4xy?2 +2 = M + N non exact DE

dy 9x dy  x
Clearly M is a least function -~ g(y) = ! [ om_ a_M]= ! [4xyz+2—1—3xy?]
M ox 9y xy3+y
1 1
=~ {xy2+1}=_
y(xy* +1) y
[ 9)d Lar _

Multiply the IF with the given DE we get
(xy* + y2)dx + 2(x2y3 + xy + y5)dy = 0

Let M1 = xy* + y? Ny =2(x2y3 + xy + y5)
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oMy _ 4xy3 + 2y  _ 4xy3 + 2y LM N vact DE
dy ox ay ox

The general solution is
fxy*+y2dx+ [2y5 dy+0=c

2,4 6
i +xy2+2y_=c
2 6

= The general solution 3x2y* + 6xy? + 2y6 = ¢
2.Solve (y* + 2y)dx + (xy3 — 4x + 2y*)dy = 0
Solution: The given differential equation is (y* + 2y)dx + (xy3 — 4x + 2y*)dy = 0

LetM= y*+ 2y N = xy3 —4x + 2y*

M = 4y3 4 2 a_N=(y3—4+0)=y3—4:iﬂ;talnonexactDE

ay ox ay 0x

oN oM

Clearly M is a least function - g(y) = ! [ ———
M ox ay

]

1

[y3 —4—4y5 —2]

y*+2y
1 —3(3+2) -3
= __3 3 _.6 - =
v+ 2){ Y J y(3 +2) y
IF = e/9Wdy = ef;dy — g~3logy = _L I[F=1L1

y3 y3
Multiply the IF with the given DE we get

4 3_ 4
Y dx + Y gy =0 [y+ S ]de+ [x— X +2yldy =0
3 ¥ y2 ¥

Let M, =y+§ N, = x—j—;‘+2y

oMy

=12 i _ 4 _ 4 L OM1 _ N1 exqct DE

ay B ? ox y3 ay ox

The general solution is f[y+iz] dx + J 2y dy=c=>xy +2_;C+y2 =c
y Yy

. 2
The general solution xy + _j +y2=c
y

sfskoskoskok koo
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